We conÿrm that for vanishingly small loading and large impact condition, it may be possible to generate solitons in a chain of grains that are characterized by Hertzian contacts. For uniform or progressive loading conditions throughout the chain, one generates soft-solitons which are weakly dispersive in space and time. Under conditions of weak impact, one generates acoustic pulses through the chain. We describe the displacements, velocities and accelerations su ered by the individual grains when subjected to solitons, soft-solitons and acoustic pulses and describe the e ects of restitution on the propagating pulse.
Introduction
Solitons are among the most fascinating objects known to the scientist [1, 2] . From a physical perspective, one can describe the dynamical soliton as a "tight bundle" of energy that can travel through a medium without any dispersion in space or in time. Solitons are encountered in a handful of physical systems and usually, under special initial conditions. As shown ÿrst theoretically, simulationally and experimentally by Nesterenko [3] [4] [5] , granular systems belong to the select category of systems that support solitons. Somehow, the discovery of solitons in granular, or more speciÿcally, Hertzian systems received limited attention during the decade that followed Nesterenko's initial work [3] [4] [5] . Recently, Sinkovits and Sen [6, 7] reported studies on impulse propagation in granular media in one and two spatial dimensions. Later, Coste et al. [8] reported experiments that conÿrmed the theoretical and experimental work of Nesterenko [3] [4] [5] and was consistent with the studies of Sinkovits and Sen [6, 7] . More recently, MacKay [9] has published a proof (as opposed to a solution to the dynamics problem) that Hertzian chains support solitons and Sen and Manciu have proposed a simple formula to describe the grain displacements during the passage of a soliton [10] .
The key property of a "Hertzian system" [11] is that two elastic grains in intimate contact would exert mutual repulsion that would be proportional to their overlap raised to some power. Thus, if 2R denotes the diameter of a spherical grain, then the overlap ¿0 would be ≡ 2R − r i; i+1 , where r i; i+1 is the actual distance between the centers of the adjacent grains. The potential energy gained by the compressed two-grain system turns out to be V ( ) = a n where a is some constant [11] . In Hertzian systems, one can calculate a which depends upon the elastic properties of the media that the grains are constituted of and n which is sensitive to the contact geometry of the grains [12] . Typically, Hertzian systems are anharmonic, i.e., n ¿ 2 and hence, they exhibit nonlinear dynamics. One expects interesting dynamical behavior in these systems. As we shall see, the problem of acoustic transport through granular systems reveals a variety of interesting phenomena. Under special conditions, one can support solitons in these systems as has been claimed by Nesterenko and others.
A few years ago, Sinkovits and Sen [6, 7] carried out particle-dynamics-based analyses of the propagation of sound and shock impulses through one and two-dimensional granular systems that are subjected to gravity. The key objective of these analyses was to conÿrm that particle-dynamics-based studies could readily recover the predictions regarding acoustic propagation in Hertzian systems subjected to gravity which are based upon elasticity theory [13] and probe the possible non-linear behavior at the shallow reaches of the bed. Among the results presented in Refs. [6, 7] was a ÿnding that the kinetic energy of the granular bed, which has been subjected to an impulse at its surface, when plotted as a function of time and space, appeared to travel down the bed as a pulse that su ered very little dispersion. In summary, the gravitationally loaded granular beds that were probed, supported soliton-like excitations when they were subjected to appropriate impulses. A soliton-like object can be envisioned as a softer bundle of energy than a true soliton. It travels like a soliton but experiences some interaction with the medium as it travels. The softness of the energy bundle, or the dispersion su ered by the pulse, is signiÿcant even for pulses with relatively small amplitudes.
The presence of soliton-like pulses in perturbed Hertzian systems presents interesting possibilities. One such possibility is to exploit these pulses, which can travel through a granular medium with little dispersion, to probe for buried objects which may be indetectable by electromagnetic, ultrasonic and purely acoustic probes [14, 15] . Metal-poor landmines, unexploded ordnance, and buried structures in granular beds are examples of underground objects that may be detectable using backscattering of soliton-like pulses. We shall discuss our studies on the backscattering of soliton-like pulses from buried objects in the following article [16] .
We discuss the following problems in this article: (i) the conditions under which solitons can form; (ii) the conditions under which soliton-like pulses can be sustained and (iii) the conditions under which acoustic pulses can form.
Details of our models and of the particle dynamics simulations are presented in Section 2. The results of our study are presented in Section 3. We close in Section 4 with a summary of the work and open questions.
The model and the simulations

Intergrain interactions
We model a granular chain as a collection of spheres that are in contact with neighbors via external loading or by gravitational compaction. We follow the classic work of Hertz [11] and describe the energy associated with the repulsive interaction between any two compressed spheres labeled i and i + 1 of radii R i and R i+1 (while they are uncompressed) as follows. We deÿne the "overlap" between the two adjacent grains by i; i+1 ≡ R i +R i+1 −r i; i+1 , where we let r i; i+1 represent the distance between the centers of the two spheres. The interaction energy between the granular spheres is expressed as a function of this overlap as follows:
where the constant a ≡ 2=5D (R i R i+1 )=(R i + R i+1 ) and where
in which i , i+1 and E i , E i+1 are the Poisson's ratios and the Young's moduli of the two bodies, respectively. Anharmonicity or deviation from Hookean form in the potential energy in Eq. (1) arises due to purely geometrical e ects and can be evaluated for perfectly spherical grains (for a detailed derivation of Eq. (1), see Ref. [11] ). As noted by Coste et al. [8] , the interaction energy in Eq. (1) is valid when the repulsive force and i; i+1 vary slowly in time relative to the time taken by sound to travel through a spherical grain. In other words, we neglect plastic deformation of the spheres in this study. The experimental work of Coste et al. [8] suggests that this is a reasonable approximation for materials such as steel spheres. However, plastic deformation may play an important role in studying sound propagation in softer granular materials. 2 These e ects are not addressed here.
Equations of motion and initial conditions
In this article, we focus on the propagation of a perturbation created by an impact on the ÿrst grain of a granular chain. We present results in which, (i) the granular chain is uniformly loaded and gravitational compaction is absent, i.e., when the chains are horizontal, and (ii) in which the chain is gravitationally loaded, i.e., the chain is vertical and the load increases with depth. In case (i), loading the grains such that they are in intimate contact with one another is an important issue. The equation of motion of a grain of mass m at location z i for case (i) is given by
where n = 5 2 for the case of spherical grains in contact. In Eq. (3), we deÿne 0 ≡ R i +R i+1 −l 0 =2R−l 0 in a homogeneous system and where l 0 enters due to loading for the horizontal chain problem and we replace R i + R i+1 in the deÿnition of i; i+1 given above Eq. (1) by 0 . As we shall see, l 0 plays an important role in distinguishing between the shock-like perturbations and the softer compression pulses that can be generated down a column with suitable initial impact velocities on the ÿrst grain in the chain. For the vertical column problem in case (ii), in which gravitational compaction plays an important role, we add −mg to the right-hand side of Eq. (3).
In case (i), given 0 , the initial positions of all the grains in the chain are speciÿed. The velocity of the ÿrst grain is speciÿed at time t = 0. The velocities of all the other grains are initially set to zero. For a given loading or l 0 , the velocity of the ÿrst grain therefore deÿnes the physical properties of the soliton-like pulse. We discuss these properties in detail in Section 3.
The initial structure of the vertically oriented granular column (case (ii)) is di erent [6, 7] than the horizontal chain. In this case, the grain at the bottom of the chain is most compressed while the one at top is least compressed. Since granular systems, being macroscopic, are largely insensitive to changes in temperature, it is important to determine the ground state of a gravitationally compacted granular column for studying collective phenomena in these systems. We accomplish this as follows. The location of the bottom grain is ÿrst ÿxed and the positions of the remaining grains are set such that the repulsive forces due to the overlap between the adjacent grains exactly equal the forces required to support the grain column. For a system of N grains in which the bottom grain is labelled 1, the overlap between grains i and i + 1 is determined as follows [6, 7] :
The reader may observe that if the gravitationally compacted chain is loaded, then it is essential to take into account the additional repulsive force term that must arise from that loading (as described in case (ii) of Eq. (3)) on the left-hand side of Eq. (4) above. We do not consider loaded gravitationally compacted chains in this study.
The results presented in Section 3 below, address the solutions to Eq. (3) with and without gravitational compaction. In the absence of gravitational compaction, Eq. (3) can be analyzed in the strongly nonlinear limit. Typically, such a limit means that the characteristic size of the perturbation is such that the end grains are compressed at least 10 −3 2R. In this limit, the traveling soliton pulse is symmetric in position, velocity and acceleration about the geometric center of the soliton. For weaker perturbations, as mentioned in Section 1 above, the pulse is asymmetric and becomes dispersive. Such pulses can no longer be thought of as pure solitons but rather as soliton like.
One can extend the 1D chain of Hertzian grains to that of an ordered 3D lattice. In the general case, when grains have di erent sizes, shapes, densities and positional disorder, the only way to accurately solve the dynamics of the system of coupled non-linear equations is by numerical means. However, if we assume that each layer is completely rigid in the x − y plane, then the equation for each grain can be replaced by a 1D equation for an entire 2D layer of thickness equalling one grain diameter. In this limit, we recover the 1D equation of motion (Eq. (3)) where the m needs to be replaced by the mass of the entire layer. Thus, for a stack of rigid 2D planes with each plane densely packed, one can argue that it must be possible to propagate solitons along the c-axis provided the initial impulse is imparted to the entire surface layer. In the general case, when granular motion is possible along all three directions, one would expect that for su ciently strong impulses along the c-axis one might be able to propagate weakly dispersive soliton-like perturbations. Indeed, as we shall see [16] , it is possible to send soliton-like pulses in close-packed 3D granular beds. The dispersion su ered by an impulse possesses rich structure. Backscattering from buried inclusions in such beds can be used to infer information about the buried object [16] .
Numerical constants
Our results are based upon numerical integration of the coupled equations of motion for granular chains with N spheres, where N ∼ 10 3 . We have used the third-order Gear predictor-corrector algorithm [17] for time integrating the coupled equations of motion of the N grain system.
We chose constant diameter 2R = 10 −3 m and constant mass m = 1:41 × 10 −6 kg for the spheres. For the material coe cients, we have used Young's Modulus E = 7:87 × 10 10 N m −2 for quartz, E = 2:0 × 10 11 N m −2 for steel and E = 1:0 × 10 10 N m −2 for plastic, and Poisson's ratios of = 0:144 for quartz, = 0:300 for steel and = 0:120 for plastic. With these data, the constant a in the Hertz potential (see Eq. (1) 7 N m −3=2 for quartz-plastic interaction. The velocity of propagation of a typical shock wave that will travel through the granular chain which has been initiated by compressing the surface grain by about 10 −3 of its diameter is dependent upon the precise details of the initial impulse. For very weak perturbations (i.e., purely acoustic pulses) the velocity of propagation of the perturbation from one grain to another is typically 5 m=s. In an earlier study [18] , we have found that typically, c ∼ v 0:2 imp . These velocities are much less than the sound velocity in quartz (about 6000 m=s). Thus, for our purposes, it is appropriate to neglect the internal distortions of the quartz beads and to treat them as particles.
Solitons and soliton-like pulses in Hertzian Chains
3.1. Perfect solitons in the shock regime: g = 0; l 0 = 0 case
We ÿrst discuss the problem of propagation of an impulse in a chain of monodisperse Hertzian spheres when there is no loading of the grains, i.e., when l 0 = 0 (see Eq. (3)).
To simplify matters, we consider a horizontal chain with no gravity. Our numerical solution to Eq. (3) reveals that when an impulse is imparted to a grain at one end of the chain, i.e., at a surface grain, it propagates down the chain at some ÿxed velocity, the magnitude of which depends upon the amplitude of the initial impulse, a clear signature of non-linear behavior in the shock regime. Let us insist that the surface grain moves at a ÿxed velocity v imp at time t =0 while all the other grains are held ÿxed. Typically, we choose v imp between 10 −3 and 10 m=s, which are reasonable impulse limits that can be generated by strikers [3] [4] [5] . In what follows, we shall mostly refrain from using v imp to characterize the impulse and use a new quantity, Á=l 0 , where Á denotes the maximum displacement of the surface grain with regard to its equilibrium position z N ≡ r N + Á, where r N denotes the equilibrium position of the surface grain at time t = 0; N being the total number of grains. To avoid confusion in describing the calculations below, we now redeÿne N such that the surface grain is numbered grain number 1 (unless stated otherwise). Thus, we consider the propagation of perfect solitons which are realized in the limit Á=l 0 → ∞.
By numerically integrating the coupled equations of motion for the grains in the chain (see Eq. (3)), we probe the propagation of the impulse through the chain as functions of space and time. The propagating impulse typically spans a few grains at a given instant of time and hence possesses a length scale that cannot be accurately probed in the long-wavelength approximation, the regime in which most soliton problems are typically analyzed. Let us temporarily postpone the discussion of the number of grains in the propagating packet of energy and focus our attention on the motion of a typical particle in the chain as the impulse propagates through it. Fig. 1(a) presents plots of the displacements of two typical grains in the chain measured in m as a function of time measured in ms. We present results for the 100th particle of the chain (solid line), which remains in a position of zero displacement from the equilibrium position until the arrival of the impulse and then shifts its position continuously to some maximum displacement of magnitude that is determined by the nature of the impulse. Unless mentioned otherwise, the numbers are not normalized in this study and are shown with regard to the model for quartz grains. The origin of . The dynamical variables for particle 500 are translated in time for the purposes of easy comparison with those of particle 100 and to show that the functional forms of displacement, velocity and acceleration remain invariant for both the particles. time in Figs. 1(a) -(c) is deÿned at the starting point of the impulse propagation in particle 1. The behavior of the displacement function for particle 500 (open circles) turns out to be identical to that of particle 100, within the limits of our numerical accuracy, when the displacement function for particle 500 is shifted in time so as to coincide with the data for particle 100. The corresponding data for the velocity and acceleration are shown in Figs. 1(b) and (c) .
The data show that there are no measurable di erences between the particle displacements, positions and accelerations as functions of time and space and hence we conÿrm that our calculations reveal that one can propagate solitons through a chain of Hertzian grains when g = 0 and the chain is not loaded. These ÿndings conÿrm Nesterenko's results [3] [4] [5] and agree with the experimental studies of Coste et al. [8] . We note that prior to this study, the time-dependent behavior of the position, velocity and acceleration of the solitons had not been reported in detail in the literature. This is because in the long-wavelength approximation, it is di cult to generate expressions for all of these quantities. As we shall argue below, the knowledge of the behavior of displacements, positions and accelerations of the grains allows us to construct a simple solution to Eq. (3) in the soliton regime [10] .
The solid lines in Figs. 2(a) , (b) and (c) describe the displacement, velocity and acceleration, respectively, of any grain as a function of time as generated using an approximate analytic solution to the soliton propagation problem. The solution assumes that z = ct in Eq. (3), which allows one to write Eq. (3) for g = 0 as
where n (z) is the soliton displacement function for any value of n (in these systems, n ¿ 2). The approximate solution can be written as
where f n (z) = ∞ q=0 C 2q+1 (n)z 2q+1 and A is determined by the magnitude of the displacement su ered by any grain as a soliton passes through that grain. The details of this solution can be found in Ref. [10] .
The agreement between our solution and simulated data (shown in circles in Figs. 2(a) -(c) ) is impressive. The reader should observe that the plots are shown using a di erent origin in time than in Figs. 1(a) -(c) . The origin of time used in Figs. 2(a) -(c) is intentionally chosen to be at the center of the soliton to illustrate the symmetry of the soliton in z and hence also in t. The derivation of the analytic formula for grain position as a function of space z and hence t is summarized in Ref. [10] .
We have also probed the behavior of n (z) for n = 2:2 and 5. The results are shown in Fig. 3 . In Fig. 3 , the diamonds (n = 2:2), crosses (n = 2:5) and squares (n = 5:0) display numerically calculated data while the continuous lines are generated using our solution. The values of C 2q+1 are generated using the prescription given in Ref. [8] . It becomes progressively di cult to generate analytic solutions as n increases. Our preliminary studies suggest that the slope of the displacement function between −1 and 1 in Fig. 3 increases as n increases. The regions of in ection near −1 and 1 become discontinuous as n → ∞.
The width L of a soliton (note that the soliton is non-dispersive and hence L is a constant) can be deÿned by the number of grains over which the energy associated with a propagating soliton resides at a given instant of time. Mathematically speaking, L equals twice the distance between the origin and any of the maxima in Figs. 1(c) or 2(c). It turns out that L → ∞ when n → 2 (see Fig. 4 ). In this limit, one no longer obtains a soliton solution to Eq. (3). This is an expected result in view of the fact that n = 2 leads to a harmonic equation of motion (see Eq. (3)). When n → ∞, i.e., when the repulsive interaction between grains in contact approaches the hard core limit, L → 1 (see Fig. 4 ). In this limit, one obtains the smallest possible soliton. Typically, however, n varies between 2.5 and 3 and hence the soliton width is about ÿve grains. Hertzian solitons are hence of ÿnite extent and it is therefore di cult to describe the solitons in Hertzian systems using long wavelength analysis. Such analysis was ÿrst carried out by Nesterenko [3] [4] [5] . Nesterenko managed to obtain a rather good description of the soliton width even within the continuum approximation. In Fig. 4(a) , we present numerical data on the width of the soliton (diamonds) and present the width as predicted by Nesterenko's formula given by
using the dashed line. The agreement between the simulated data and the numerical results grow worse for n ¿ 3 or so. Thus, the long wavelength analysis based calculations are not highly reliable as the repulsive potential becomes dominant. Fig. 4 (b) Fig. 3 . Normalized displacement function of grains plotted to display the symmetric nature of the displacement function for various values of n. Th continuous lines are plots using our analytic formula using various C 2q+1 's.
presents the same study on a log-log scale in which the L − 1 axis has been shown across 8 decades and the n − 2 axis has been shown across 4 decades. A possible functional form that could ÿt the data across such a broad spectrum is 1= sinh [5(n − 2)] (dashed line). Nesterenko's formula yields a straight line on such a log-log scale and is therefore too simplistic for the large n regime. It is well known in the soliton literature [1] that two distinct solitons that are initiated from opposite directions in a continuous medium pass through each other without any interaction. It is therefore important to study the problem of two crossing solitons initiated from opposite ends of a Hertzian chain. We describe a preliminary study of the interaction of two solitons with unequal velocities that are generated at the opposite ends of a chain and which intersect one another as they simultaneously propagate towards the respective opposite ends of the chain. The calculations showing the velocities of the grains as functions of time and space are depicted in Fig. 5 . The sign of velocity depends upon the direction of propagation of the impulse in the Hertzian chain problem. Because compression of grains is required to obtain the solitons, one cannot create a dilatational pulse for Hertzian chains. Thus, the signs of the velocity variable must always be in opposition for two solitons which are propagating in opposite directions. The vertical axis represents the velocity of the grains in arbitrary units. The planar axes are, grain depth, expressed in terms of grain diameters, and time. . Two solitons of di erent sizes are simultaneously released from the two ends of a column. The crossing of solitons exhibit peculiar behavior in a discrete medium. In this case, secondary solitons are spawned at the intersection point due to extended "rattling" of the grains where the solitons meet. This kind of behavior is peculiar to the discrete nature of the medium. The units are arbitrary along the time and velocity axes. The particle axis denotes particle position in terms of the particle diameter.
The data shown in Fig. 5 and in Figs. 6(a) and (b) reveal a surprising new result. The solitons interact very weakly as they intersect one another and spawn new secondary solitons, which are much weaker in magnitude and hence move at much slower velocities. Fig. 6(a) shows the kinetic energies of the grains as functions of time as the two opposing solitons intersect. With low enough resolution in the energy scale, the secondary solitons are invisible and it appears as though the motion of the grain where the collision occurs is simply the di erence of the two velocities. Fig. 6(b) presents the same data but with much higher resolution in energy. Three distinct secondary solitons emanating from the point of intersection are visible. We are unable to ÿnd a simple scaling law for the soliton sizes for the general problem of collision of unequal solitons. Our preliminary analyses show that the energy contained in the secondary solitons that are emitted from the point of intersection is typically less than 0:5% of the energy contained in the original solitons.
We conjecture that this small energy fraction will become vanishingly small if, somehow, the size of the solitons can be increased; i.e., we expect to recover non-interacting intersections of the solitons for large enough soliton sizes. Increasing the soliton size is only possible in our problem as one approaches the n → 2 limit. Detailed analysis to examine this conjecture is needed. Such calculations must be carried out with high precision over very large time windows to observe the slowest moving secondary solitons with the smallest velocities and are therefore challenging. Studies are in progress and will be reported in a separate dedicated publication [19] .
3.2. Soliton-like objects: g = 0; l 0 ¿ 0 and at g ¿ 0 As one compresses the grains very gently against one another in a Hertzian chain at g = 0, one introduces a ÿnite l 0 into Eq. (3). In our calculations, l 0 is 10 −2 m. We also choose Á = 10 −4 m to be much less than l 0 and hence consider impulse propagation in the acoustic regime. The consequence of such loading is that the shape of the soliton-like pulse thus formed, which passes through any chosen grain as a function of time, is no longer of the symmetric forms presented in Figs. 1 and 2 . Instead, in loaded Hertzian chains, the acceleration su ered by any grain as a function of time, consists of a pulse similar to the one in Fig. 1(c) followed by a long decaying tail in time as shown in Fig. 7 . The data are taken for particle number 100 from the surface and a very small Á = 10 −4 m has been used. The nature of the decay of the tail can be described by two distinct power laws. Our data reveal that the amplitude of the maximum velocity of the pulse decays with z as
while the envelope of the pulse experienced by a single grain decays in time as t, for large t as
The tail is measured in such a way that the behavior of the leading edge of the pulse does not a ect the measurement of decay of the tail. The tail elongates in time as the pulse travels in a scale invariant fashion. We should mention here that it is signiÿcantly more challenging to construct an analytic description of the velocity or acceleration of an individual grain in a granular chain compared to the task of describing the characteristics of the propagating energy bundle [20] .
In the following discussions, we ÿrst describe the nature of the acceleration function for cases with progressive loading (due to gravitation) for various initial impact conditions, followed by a description of the nature of the acceleration autocorrelation function for the various cases of loading and initial impact. The acceleration autocorrelation function, deÿned below as C(t), for a tagged particle can be used to measure the relaxation of that tagged particle [21] [22] [23] [24] as it is perturbed by an impulse and as it tries to return to its unperturbed lower energy state. It serves as a measure of the memory of the interaction su ered by the tagged particle.
The dynamical behavior of the grains is of much interest when g ¿ 0 and the grains experience progressively larger loadings as a function of depth due to gravitational compression (see Eq. (4)). This is what happens in a vertical Hertzian chain in which gravitational loading plays an important role. In Fig. 8 , we plot the accelerations of the 100th and the 300th grains as functions of time for the case with terrestrial g (assumed to be 9:8 m=s 2 ). It is evident from the data in Fig. 8 (a) -(c) that with decreasing Á, the amplitude of the soliton-like pulse (given in m=s 2 ) attenuates progressively slowly in time and the tail of the pulse becomes more oscillatory in time. In Fig. 8(a) , we set Á = 1 m (strong perturbation), and at Á = 10 −2 and 10 −4 m for the cases in Figs. 8(b) and (c). The behavior seen in Fig. 8(c) is obtained for smaller values of Á as well.
It is evident that the soliton-like solution obtained by solving Eq. (3) with g ¿ 0 possesses characteristics of a non-dispersive soliton as well as that of a dispersive acoustic wave. For g = 0; l 0 = 0 one obtains a soliton, while for g = 0; l 0 ¿ 0 and for g ¿ 0; l 0 = 0, one obtains soliton-like pulses that are "soft" bundles of energy that disperse slowly in time and in space due to interactions with the medium. The nature of dispersion is strongly dependent upon Á for both cases until one considers compressions that are less than 10 −4 or so of the grain diameters. A convenient way of probing the return of each grain to an equilibrium state (which is often not the original equilibrium state) is to calculate the acceleration autocorrelation function. In granular systems, the thermal energies are negligible compared to the potential energies of interest and, hence, it is only meaningful to probe relaxation as a quantity at zero thermal energies. We set acceleration a(t) of some chosen grain, which is su ciently far from the chain ends, to be carefully probed as a dynamical variable of interest. We then deÿne the normalized relaxation function for the acceleration and write as follows:
The autocorrelation function is calculated by computing
for a large number of t values where T is the total time measured from the instant at which the pulse reaches the chosen grain to the maximum time up to which the calculations can been performed without picking up any re ection signals from the chain end. In all instances, the time windows probed are long enough for studying return to equilibrium. If C(t) → 0 at short times and if the system returns to the original equilibrium state then one can conclude that the grain has lost all information about the perturbation or the pulse that passed through it. In all of our calculations shown in Fig. 9 we ÿnd that C(t) → 0. This is an expected result in view of the fact that for our non-dissipative, monodisperse system, we do not expect any energy to get trapped and hence ergodicity demands that C(t) → 0 at t → ∞ [25] . However, it is important to observe that the tagged grain does not necessarily return to the original equilibrium state unless the perturbation imparted to the grain being studied is inÿnitesimally weak.
We have probed C(t) for a typical grain, again the 100th grain from the surface, for cases with g = 0; l 0 = 0 and Á = 1 m in Fig. 9(a) , for g = 9:8 m=s 2 with Á = 10 −4 m in Fig. 9 (b) (i.e., progressive loading case, the reader may refer to the data in Fig. 8(c) in studying the behavior shown here) and for Á=l 0 = 1 with l 0 = 10 −2 m and g = 0 in Fig. 9(c) (i.e., constant loading case) . In Figs. 9(a) and (b) , the tagged grain does not return to the original equilibrium state within the period of calculation even though C(t) → 0. The distance between the adjacent grains remain altered in these cases long after the pulse has passed through the system. Figs. 9(a) and (b) describe the system memory in the non-linear acoustic regime where the memory of the original equilibrium state is lost. We are presently not aware of a simple way to characterize multi-point correlation functions in the non-linear acoustic regime. To our knowledge, the concepts of linear response theory clearly need revision in describing relaxation processes such as those in Figs. 9(a) and (b) [26, 27] .
In Fig. 9(c) , however, the tagged grain asymptotically returns to the original equilibrium state in the limit when the perturbation is inÿnitesimally weak. Thus, Fig. 9(c) describes the system in the linear acoustic regime.
Summary and conclusion
The present article extends the research reported in Ref. [18] as listed. (1) We present our work on soliton propagation in chains of Hertzian grains for arbitrary n and propose an approximate solution to the grain displacement function as functions of time and space as a soliton passes through the grain. (2) We present data on the width, L, of the soliton as a function of n and show that L → ∞ in the harmonic limit (i.e., when a soliton solution is no longer supported by the equations of motion) and L → 1 as n → ∞, i.e., in the limit of hardcore repulsion between the spheres. We also establish that existing long wavelength analysis of the propagation of an impulse in a Hertzian chain leads to solitons and that the results thus obtained are reasonably good in the n = 2:5 case but become unreliable for n3. (3) The problem of crossing of two solitons that are initiated at the opposite ends of a chain is shown to be distinct from the corresponding problem for solitons in continuum systems. Hertzian solitons lead to the spawning of new secondary solitons at the point of intersection. (4) The decay of the amplitude of a soliton-like object and the lengthening of its tail during propagation through loaded chains is discussed in some detail and in this context we probe the acceleration correlations of individual grains in loaded chains for various conditions of loading and impact. These studies are crucial to the eventual development of a theoretical framework to describe the problem of propagation of solitons and soliton-like excitations in Hertzian chains under various conditions of loading.
The key open question concerning soliton propagation is the construction of an exact solution to Eq. (3) that will describe the properties of the Hertzian solitons and soliton-like objects for any n and for any loading condition. Such a solution may also provide an important step towards developing a theory of non-linear response in these strongly non-equilibrium, interacting, many-particle systems.
